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MAXIM BRAVERMAN 
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' Abstract. We introduce a new canonical trace on odd class logarithmic pseudo-differential 

, operators on an odd dimensional manifold, which vanishes on commutators. When restricted 

to the algebra of odd class classical pseudo-differential operators our trace coincides with the 
canonical trace of Kontsevich and Vishik. Using the new trace we construct a new determinant 
of odd class classical elliptic pseudo-differential operators. This determinant is multiplicative 
up to sign whenever the multiplicative anomaly formula for usual determinants of Kontsevich- 
' Vishik and Okikiolu holds. When restricted to operators of Dirac type our determinant provides 

, a sign refined version of the determinant constructed by Kontsevich and Vishik. We discuss 

' some applications of the symmetrized determinant to a non-linear a-model in superconductivity. 

> 

o 

\o 
o 
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' To define a trace and a determinant of an unbounded (pseudo-)differential operator one needs 

. to use a regularization procedure, which usuahy leads to so called anomalies in the behavior of 

the obtained regularized trace and determinant. Namely 

• The obtained trace and determinant depend on the choices made for the regularization. 
I • The regularized trace is not tracial, i.e., does not vanish on commutators. 

J2 ' • The regularized determinant is not multiplicative, i.e., DetAB ^ Det A ■ DetB. 

It is well known that, in general, those anomalies are unavoidable. For example, there is no 
extension of the usual trace of trace class operators to the algebra of all pseudo-differential 
^ ' operators, which is tracial. However, if one restricts to a subalgebra one can hope to have 

a tracial extension of the usual trace, cf. [9]. In particular, Kontsevich and Vishik [12\ §4] 
constructed a tracial functional Tr(_i) on the algebra of odd class classical pseudo-differential 
operators on an odd dimensional manifold. 

The usual regularization procedure depends on the choice of a spectral cut of the complex 
plane. In this paper we propose a new regularized trace and determinant, called the symmetrized 
trace and the symmetrized determinant, of odd class operators on an odd dimensional manifold, 
obtained by averaging the usual definitions for different spectral cuts. The symmetrized trace 
is independent of any choices. The symmetrized determinant still depends on the spectral cut, 
but this dependence is in a sense weaker than for the usual regularized trace and determinant. 
The symmetrized trace is tracial and the symmetrized determinant is very often multiplicative. 
We will now explain our constructions in some more details. 

1.1. The symmetrized trace. Fix an elliptic pseudo-differential operator Q of a positive order 
m and assume that 9 is an Agmon angle for Q, cf. Subsection 12. 6[ The Q-weighted trace Tr^^ A 
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of a logarithmic pseudo-differential operator A is defined to be the constant term in the Laurent 
expansion at s = of the function s i— > TR^AQ^^g^). Here, Q^^^ is the s-th power of Q defined 
using the spectral cut 6 and TR is the Kontsevich-Vishik canonical trace, introduced in \13\ 
§3], [El §3] for classical pseudo-differential operators, and generalized in §5]. The weighted 
trace depends on both, Q and 6, and, in general, is not tracial. 

Suppose now that the dimension of the manifold is odd, that both operators Q and A are of 
odd class, cf. Section [21 and that both, 6 and 9 — mvr, are Agmon angles for Q. Then we define 
the symmetrized trace Tr*^^™ A of yl by the formula 

2 \ (S) (e-mn) J 

Then, cf. Proposition 13.71 the symmetrized trace is independent of the choice of Q and 6. If 
^ is a classical pseudo-differential operator, then Tr*^^™ A coincides with the Kontsevich-Vishik 
canonical trace Tr(_x) cf. Subsection l3.10i Recall that Kontsevich and Vishik defined Tr(_i) A 
using an even order positive definite operator Q. Thus we also obtain a new formula for Tr(_]^') A, 
which defines it using an operator which is not necessarily positive definite. 

To define a determinant of A, one needs to define a trace of the logarithm of A, which is not 
a classical pseudo-differential operator. Hence, we are mostly interested in the properties of the 
symmetrized trace on the space of logarithmic pseudo-differential operators. Our main result 
here is Theorem 13.91 which claims that Tr*^^™ is tracial in the sense that 

Tv^y"'[A,B] = 0, 

for any odd class logarithmic pseudo-differential operators A and B. 

1.2. The symmetrized determinant. Assume now that A is an odd class elliptic classical 
pseudo-differential operator of positive integer order m and that both, 9 and 6 — mvr, are Agmon 
angles for A. We define the symmetrized determinant Det^^™^ of A by the formula 

log Dee^J" A ■.= \ Tr^y- ( log(,) A + log(,__) A) . (1.1) 

If the order m of A is even, then the symmetrized determinant (jl.l|) is equal to the usual C- 
regularized determinant of A, cf. Proposition l4.4l but in the case when m is odd, the symmetrized 
determinant might be quite different from the usual one. By Proposition 14.51 in this case 

(DetJ^;^^)' = J^eil^^{A^). (1.2) 

Combining Propositions 14.41 and 14.51 we see that up to sign the symmetrized determinant is quite 
a classical object. Definition (jl.ip fixes a sign which is crucial for applications in Subsections 11.31 
and 11.41 Also our proof of the multiplicativity of the symmetrized determinant relies heavily on 
the construction of the symmetrized trace and formula (II. ip . 

As the usual (^-regularized determinant, the symmetrized determinant does depend on the 
spectral cut 0, but this dependence is weaker than in the case of the usual determinant, cf. 
Proposition 14.71 In particular, if the order of A is odd and its leading symbol is self-adjoint, 
then Det^^^™ A is independent of 9 up to sign. 



SYMMETRIZED TRACE AND SYMMETRIZED DETERMINANT 



3 



Our main result is Theorem 15.11 Roughly speaking it says that whenever the multiplicative 
anomaly formula of Kontsevich-Vishik and Okikiolu for usual determinants holds, the sym- 
metrized determinant is multiplicative up to sign. For example, cf. Corollary 15.31 if the leading 
symbols of the operators A and B commute and the leading symbol of A is self-adjoint, then 

^-''i:-,ee.)^B = ±Det;^-A.Det;^-i?, 

where 9 a, Ob £ (0, 27r) are Agmon angles for the operators A and B respectively and e = 1 if 
6a G (0, vr) and e = -1 if 6*^ G (vr, 2tt). 

In the case when the operator A is of Dirac type Kontsevich and Vishik, [121 §4.1], suggested 
to a define a new determinant of A as a square root of the determinant of the Laplace-type 
operator A^. Thus their definition had a sign indeterminacy. It follows from the equation 
p.2p that the reduction modulo signs of the symmetrized determinant Det^g™j4 coincides in 
the case of Dirac-type operators with the Kontsevich-Vishik determinant. Thus in the case of 
Dirac-type operators our symmetrized determinant provides a more direct construction of the 
Kontsevich-Vishik determinant and also fixes the signs in its definition. 

1.3. Operators w^ith spectrum symmetric about the real axis. Let A be an odd class 
classical pseudo-differential operator of odd order. Assume that the leading symbol of A is self- 
adjoint with respect to a Hermitian metric on A. Suppose further that the spectrum of A is 
symmetric about the real axis, cf. Definition 16.11 Note that any differential operator with real 
coefficients has this property. We denote by m+ the number of the eigenvalues of A (counting 
with their algebraic multiplicities) which lie on the positive part of the imaginary axis (since the 
spectrum of A is symmetric m_|_ is equal to the number m_ of the eigenvalues which lie on the 
negative part of the imaginary axis). In Theorem l6.2l we show that the symmetrized determinant 
Det^g™^ is real and its sign is equal to ( — 1)*"+, i.e., 

^eife'^A = (-1)"^+ | DetJ^"" ^ |. (1.3) 

Note that this result is somewhat surprising, since for a finite dimensional matrix whose spectrum 
is symmetric about the real axis the sign of the determinant is independent of the number of 
imaginary eigenvalues and is determined by the number of eigenvalues which lie on the negative 
part of the real axis. 

The equation (II. 3p should be compared with the main theorem of pj where a similar equality 
was obtained for the usual ^-regularized determinant of an operator whose spectrum is symmetric 
about the imaginary axis. 

1.4. Application to a non-linear a-model. In the recent years several examples appeared in 
physical literature when the phase of the determinant of a geometrically defined non self-adjoint 
Dirac-type operator is a topological invariant, see e.g., [181 IHl El O HI [2]. In some of these 
examples the physicists claim that the determinant is real and compute its sign. Unfortunately, 
their arguments are not rigorous. In particular, they never specify which spectral cut they 
use to define the determinant. In [1] we tried to better understand this phenomenon. In 
particular, we provided a rigorous computation of the sign of roughly one half of the examples 
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from [H |2] in which the spectrum of the Dirac-type operator is symmetric about the imaginary 
axis. Unfortunately, the methods of pj are not apphcable to the other half of the examples in 
which the spectrum is symmetric about the real axis, cf. the operator T o Dmn in section 6.3 
of m. Moreover, one can show that the usual ^-regularized determinant is not real in some of 
these examples and the computations of physicists are not legal, essentially because they don't 
take into account the effect of the choice of the spectral cuto There is, however, no reason to 
believe that the usual ^-function regularization of the determinant is the most adequate for the 
description of physics. Moreover, it turns out that the cr- model constructed using the usual 
regularized determinant fails to satisfy some basic conservation laws. One of our main motivation 
for the study of the symmetrized determinants was an attempt to give a rigorous description 
of the results of [11|2]. We will discuss the obtained u-models elsewhere. In particular, we will 
explain that (11.31) gives the sign of the determinant predicted in [U [2] . 

2. Preliminaries 

2.1. Classical pseudo-differential operators of odd class. Let M be a closed d-dimensional 
manifold and let E he a complex vector bundle over M. We denote by CL"^(M, E) the space of 
order m G C classical pseudo-differential operators 

A: C^{M,E) — > C°°{M,E), 

cf. [21]. Recall that for each A S CL™(M, E) the symbol a{A){x, ^) has an asymptotic expansion 
of the form 

oo 

~ (x,OgT*M, (2.1) 

j=0 

where each (Tm-j{x,C) is positive homogeneous in ^ of degree m — j, i.e. 

an,-j{A){x,tO = t"^-^ an,^j{A){x,0, for every t > 0. (2.2) 

The functions am-j{A){x,(,) are called the positive homogeneous components of the symbol of 
A. The function am{x,(,) is called the principal symbol of A. 
Set CL(M, E) = U^ec CL"(M, E). 

An odd class operator of an integer order m is an operator A G Ch'^{M,E) such that 

a^_,(A)(x,-e) = i-ir-^a^^jiA)ix,0, j = 0, 1 . . . (2.3) 

We denote by CU^"i-^-^{M, E) the space of odd class operators of order m G Z and we set 

CL(_i)(M,i^) = U CL^_,^{M,E). (2.4) 
Note that all differential operators belong to Ch(^_i-^{M, E). 



More precisely, they consider a deformation A{t) of A and don't take into account the fact that one can not 
take the same spectral cut for all values of t. 
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2.2. Logarithmic differential operators. We say that a pseudo-differential operator A : 
C^{M,E) C°°{M,E) is logarithmic of degree m G C, cf. [H HZ], if its symbol has an 
asymptotic expansion of the form 

oo 

a{A){x,0 ~ 7log|el + Y.cT^-j{A){x,0, {x,OeT*M, m,jeC, (2.5) 

j=0 

where each am-jix,£,) is positive homogeneous in ^ of degree m — j. The number m € C is 
called the degree of the logarithmic pseudo-differential operator A, and the number 7 G C is 
called the type of this operator. We denote the set of logarithmic pseudo-differential operators 
of degree m and type 7 {{m, 7)-logarithmic, for short) by CL ' (M, E) and we set 

CL {M,E) = IJ CL {M,E), CL{M,E) = |J CL {M,E). (2.6) 

Note that logarithmic pseudo-differential operators are not classical. 

We say that a logarithmic pseudo-differential operator A € CL (M, E) (m € Z) is of odd 
class if in the asymptotic expansion (j2.5p each term am-j{A){x,S,) satisfies (j2.3p . Denote by 
CL(_i)(M, i?) (resp. CL(_\)(M, i?)) the set of odd class logarithmic (resp. odd class (771,7)- 
logarithmic) pseudo-differential operators. 

Using the standard rules of composition of symbols (cf., for example, [HI Th. 3.5], [171 §1]) 
we immediately get 

Lemma 2.3. (i) If A,B Ch{M,E), then the commutator [A,B] = AB — BA is a classical 
pseudo- differential operator, [A,B] E CL(M, i?). 

(ii) If A,B £ CL(_i)(M,S), then [A, B] G CL(_i)(M,S). 

2.4. Odd pair of logarithmic pseudo-differential operators. We say that the operators 
A,B CL (M, E) form an odd pair (or that the pair {A, B) is odd) if, for all j = 0, 1, . . ., 

a^.,{A){x-0 = {-ir-^ a^.,{B){x,0, (2-7) 

where am-j{A){x^£,), am~j{B){x,S,) are positive homogeneous components of the symbols of A 
and B respectively, cf. (j2.5p . 

Clearly, if yl G CL(_i) (M,i?) then the pair {A, A) is odd. Further, if {A,B) is an odd pair, 
then A + S G CL(_i) (M, £;). 

From the standard formulae of composition of symbols (cf., for example, [21^ Th. 3.5], \n\ 
§1]) we immediately obtain 

Lemma 2.5. Given two odd pairs {Ai,Bi) and (^2,-62) of classical pseudo-differential opera- 
tors, the pair {A1A2, B1B2) is also odd. 

2.6. Complex powers of elliptic pseudo-differential operators. An angle 9 G [0, 27r) is 
said to be a principal angle for a pseudo-differential operator A G CL"^(M, E) (m G Z+) if there 
exists a conical neighborhood A of the ray 



Re := {pe'^ : p>0} 



(2.8) 
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such that, for each ^ / 0, the principal symbol am{A){x, ^) of A does not have eigenvalues in A. 
In particular, the existence of a principal angle implies that the operator A is elliptic and that 
the spectrum of A is discrete. 

An Agmon angle for .4 is a principal angle such that there are no eigenvalues of A on the ray 
Rg. HA admits an Agmon angle then it is elliptic and invertible. In this situation there exists 
e > such that there are no eigenvalues of A in the solid angle 

A[g_,^e+e] ■■= {pe'": p>0,e-e<a<e + e}. 

Suppose A G CL'^{M,E) (m G Z+) admits an Agmon angle 9. Then, cf. [20], [211 Ch. II,§8], 
for each s G C a complex power ^^^^ G CL*™(M, is defined. The symbol of ^^^^ can be 
calculated as follows: Let R{X) = {A — X)~^ (where A G A[5i_£ g^^j) denote the resolvent of A. 
The symbol r(x,^; A) of R{X) has an asymptotic expansion of the form 

oo 

r{x,C;X) ~ ^ r_^_,(x,e;A), (2.9) 

j=0 

where the terms r}^[x,^; A) are positive homogeneous in the sense that, for t > 

rk{x,ti;f^X) = t^rk{x,i;X), {x,S) eT*M, X hye-efi+e]- (2-10) 

Moreover, if yl G CL™ ^^-^(M, E), then it follows from the explicit formulae for rfc(x, ^; A), cf. |2H 
§11.1], [12, §2], that 

rk{x-i-{-irX) = {-ltru{x,i;X), (x, G T*M, A G A[e_,,e+.]. (2.11) 
The symbol a{A''^Q-^){x^£,) has the asymptotic expansion, cf. [21i §11.2], §2], 

oo 

a{Al,^){x,i) ~ J]a,^_,(A^,))(x,e), (2.12) 

3=0 

where the terms asm-j{A^i^Q^){x,^) are positive homogeneous of degree sm — j. They depend 
analytically on s G C and for Res < are given by 

asm-jiAlg^)ix,0 = ^ A^e)r_„_j(x,e;A)dA, (2.13) 

where the contour F^g) = Fj-g) C C consisting of three curves F = Fi U F2 U F3, 

Fi = { pe''^ : 00 > p > po }, = { poe^" : 9 > a > 9 - 27r} , 

Ts = {pe*('''") : Po<P<oo}. (2.14) 

Here /?o > is a small enough number, and A^g^ is defined as e''^"^'*' where 9 > Imlog^g) A > 
9 — 271 (i.e., Imlog(5i) A = on Fi and Imlogj-g) A = ^ — 27r on F3). 

Lemma 2.7. Suppose A G C\j^_^-^{M , E) and that both, 9 and 9 — rmr, are Agmon angles for 
A. Then, for each j = 0,1,.. ., (x, ^ G T*M, s e C, 

asm-Mte))i^,-0 = {-iye'^'^asm-Mt9-m.))i^^0- (2.15) 
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asm-j{Alg^){x,-^) = ^ I >^le)r-m~j{x,-£,;X)dX 



^(0) 



Since both, the left and the right hand side of this equality, are analytic in s, we conclude that 
the equality holds for all s € C. □ 



2.8. Logarithms of elliptic pseudo-differential operators. For A € CL"^{M,E) admitting 
an Agmon angle 9, the logarithm log^g^ j4 of j4 is defined by the formula 
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Al,y (2.16) 



Then, of. [IH §2], [Tgl Lemma 2.4], log(g) A G CL°'"'(M, E). In particular, the symbol of log(g) A 
admits an asymptotic expansion 

oo 

a(log(e)yl)(x,e) ~ m log 1^1 + ^ cT_j (log(e)yl)(x,0, (2.17) 

3=0 

and its positive homogeneous components cr_j (log^gj A){x,(,) are given by the formulae 

a_,-(log(,)A)(x,0 = \^\-^dsasm-M(e))i^^^/\^\)\s=o, for j > 0. (2.18) 

From (j2.5p and (|2.17p we immediately obtain the following 

Lemma 2.9. Let B E CU^{M,E) he a classical elliptic pseudo-differential operator of positive 
order and suppose that 9 is an Agmon angle for B. Then for any logarithmic pseudo-differential 
operator A G CL ' {M,E) the difference A — log(g) i? G CL^{M, E). In particular, any A G 
CIj(M,E) can be represented in the form 

A = Ai + log(e)A2, (2.19) 

where Ai, A2 are classical pseudo-differential operators. 
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2.10. Dependence of logarithm on the angle. Let Xl^g^ g^) denote the spectral projection 
of A corresponding to the eigenvalues which lie in the solid angle 

^{e^,e2) ■■= {pe'" : p > 0, 6^ < a < 02}. 

In particular, 11(51^ 512) = Id if — ^i| > 27r. 

Suppose now that 61,62 are Agmon angles for A. It follows immediately from the definition 
()2.16p of the logarithm that if 2kTr < 62 — 61 < 2{k + l)7r for some integer k then, cf. formula 
(1.4) of 116], 

log(e2)A = 2ifc7rld + 2mlie^^e2-2k^ + log(e^) A (2.20) 
In particular, if both, 6 and 6 — 2k-K (k £ Z) are Agmon angles for A, then 

log(0) A = 2ikTT Id + log(^,_2fc^) A- (2-21) 

If ^ G CL{M,E) is a classical pseudo-differential operator we denote by Res^ the non- 
commutative residue of Wodzicki |221 123j and Guillemin [10] (see also [TT] for a review). 

Lemma 2.11. Suppose Aj £ Ch"^^(M,E) (j = 1,2) are classical elliptic pseudo-differential 
operators of positive orders. Then the number 

Res ( ^°^(^^) _ 

V m-i 7712 

is independent of the choice of the Agmon angles 61 and 62. 

Note that the operator — — ^- ^(£2) — "i jg classical and hence its residue is well defined. 

Proof. Let 6'- G [2kjTT + 9j,2{kj + l)7r + 6j] be another Agmon angle for Aj {j = 1,2). Let 
Ilg. Qi_2kjn{^j) dcuotc the spcctral projection of Aj corresponding to the solid angle ^e.j.e'.-2k.j-K- 
Then it follows from ({2:20]) that 



mi 7712 ^ ^ nil m2 

= 2z7r(^-^) Id + —Ug^e'^_2k,AAl) Ug^^g, 2k2n{A2). (2.22) 

mi m2 mi ^ m2 ^ 

Since the Wodzicki residue of a pseudo-differential projection vanishes, cf. [22l §6], [23], the 
residue of the right hand side of (I2.22P is equal to 0. □ 

2.12. Logarithms of odd class elliptic pseudo-diflferential operators. From equality 
(j2.18p and Lemma 12.71 we obtain the following 

Lemma 2.13. Suppose A G CL^^s^{M, E) and both, 6 and 9 — mn, are Agmon angles for A, 
then 

( log(e) A, imn Id + log^g__^^) A ) (2.23) 
is an odd pair of operators, cf. Subsection\2.4\ 



■ 0,m 

In particular, if m is even, then log(g) A G Ch(^_i-^[M, E). 
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Proof. Since is the identity operator, the positive homogeneous components of its sym- 

bol are given by 

asm-j{Alg^){x,0\s=o = 5i,oId. (2.24) 

Thus, from (j2.15p we obtain 

dsasm-j{Alg^){x,-^/\C\)\s=o = innrdjfl + (-1)^' 5, cT,m_j(A^g_^^))(x, C/|^I)Is=o. (2.25) 

Hence, by (l238l) . the pair ^CTM is odd. 

If m is even, then from (j2.2ip and (j2.23p we conclude now that the pair (log^g) A, log(g) A) is 

— 0,m 

odd, which, by definition of the odd pair, means that log(g) A G CL(_x)(M, £■). □ 

Corollary 2.14. Let A S CL™-^^(M, £^) and both, 9 and 6 — rmr, are Agmon angles for A. 
Then 

log(e)v4 + log(g_„^)A e CL(l";)(M,^). 

Proposition 2.15. Suppose Aj G CLJ_\^(M,^) (j = 1,2) are odd class classical elliptic pseudo- 
differential operators of positive orders on an odd dimensional manifold M. Then 

Resfi^^-i^^) = 0. (2.26) 



mi m2 



for any Agmon angles 6i and ^2- 



Proof. By Lemma 12.111 the left hand side of (12.260 is independent of ^1,^2- Hence, we can 
assume that 01,02 are chosen so that the angles 0i — mivr, 02 — m2TT are also Agmon angles for 
operators A\,A2 respectively. From Corollary 12.141 we see that 

log(e^)^i log(g,)A2 x ^ / log(e,-n^i^)^i log(e^_^,^) A2 n ^ 

ra\ m2 ^ V mi m2 ^ ' 

Since the Wodzicki residue of an odd class operator on an odd dimensional manifold vanishes, 
cf. |131 Lemma 7.3], |12l Remark 4.5], it follows that 

/log(.0^i_log(.,)^2N ^ _^^j\og^e^-m..)Ai _\0g^e._^^^^A2._ 
V mi m2 ' \ mi m2 ) 

On the other side, by Lemma 12.111 

Resfi^^-i^^) = R,jl"g(^.-»-.-)-4i_log(..-n...)-42y 
V mi m2 ' V rni m2 ) 

The equality (p:26|) follows immediately form ([2:271) and ([2:28]) . □ 

3. The symmetrized trace 

In the first part of this section we recall the notion of weighted trace of a pseudo-differential 
operator and discuss its basic properties, cf. [El [HI [9]. Then we define a new canonical trace, 
called the symmetrized trace Tr^^™, of a logarithmic pseudo-differential operator of odd class on 
an odd dimensional manifold and show that it is tracial, in the sense that Tr'^^™[j4, B] = Q for all 
A,B ^ CL(_i)(M, E). For odd class c/assica/ pseudo-differential operators the symmetrized trace 
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coincides with the Kontsevich-Vishik canonical trace Tr(_i) introduced in [121 [T3] by a slightly 
different procedure. Thus our symmetrized trace extends the Kontsevich-Vishik canonical trace 
to logarithmic pseudo-differential operators of odd class. 

3.1. Weighted traces. Let Q € CL(M, be a classical elliptic pseudo-differential operator 
of positive order admitting an Agmon angle 9. For A E CL(M, E'), consider the generalized 
(^-function 

s ^ Ce{s,Q;A) := TR(^Q^,)), (3.1) 

where TR stands for the Kontsevich-Vishik canonical trace, introduced in \\.2>\ §3], [12^ §3] for 
classical pseudo-differential operators, and generalized in [TU §5]. For Res —1, the operator 
AQ'^i^Q-^ is of trace class and the Kontsevich-Vishik trace coincides with the usual trace. 

Lemma 3.2. The function (13. ip is meromorphic in s and has at most simple pole at s = 0. 

Proof. For A G CL{M,E) it is shown in [131 Th. 3.1], [HI Prop. 3.4]. For A = log(e) S the 
statement of the lemma is proven in Prop. 2 of [9]. The general case, follows from this two 
special cases and the existence of the decomposition (|2.19p . □ 

We shall use the following notations: Suppose f{s) is a function of a complex parameter s 
which is meromorphic near s = 0. We call the zero order term in the Laurent expansion of / 
near s = the finite part of f at and denote it by F. p.s=o f{s)- 

Definition 3.3. Let Q G Ch{M,E) be a classical elliptic pseudo-differential operator of posi- 
tive order admitting an Agmon angle 6. The Q-weighted trace Tr^ A of a logarithmic pseudo- 
differential operator A E CL(M, E) is defined as 

TVg^yl := F.p.s=oTR(AQ^,)). (3.2) 

A slightly more explicit expression for Tr^^ A is obtained in Definitions 3 and 4 of [9] . 

Note that though traditionally we call (j3.2p a trace it is not a trace on the algebra of pseudo- 
differential operators since it does not vanishes on commutators. More precisely, Proposition 1 
of p] states that 

Proposition 3.4. Suppose Q G CL™(M, £^) is a classical elliptic pseudo-differential operator of 
positive order admitting an Agmon angle 9. Then for any classical pseudo-differential operator 
A,B e CL{M,E) 

TVg) [A, B] = - Res ( [log(,) Q,A]B), (3.3) 

where [•, •] dentes the commutator of operators and Res stands for the non- commutative residue 
of Wodzicki [221 [23] and Guillemin [lOj (see also [11] for a review). 

Note, cf. [8", Prop. l(i)], that [log(g)(5,A] and, hence, [logf^Q-^ Q , A] B are classical pseudo- 
differential operators. Therefore the non-commutative residue in the right hand side of (j3.3p is 
well defined. 

The following proposition (cf. Lemma 0.1 of ^17j) describes the dependence of the weighted 
trace on the operator Q. 
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Proposition 3.5. Let Qi G CL™i(M,S), Q2 € CL"^''{M,E) be positive order classical el- 
liptic pseudo- differential operators with Agmon angles 61 and 62 respectively. For any A G 

cl"'^(m, E), 

TVg^^A - TVg^^)A = Resl^, (3.4) 

where 

■_ |^ 7log(ei)Qi ^ 7log(e,)Q2 / log(ei)Qi log(e,) Q2 y ^^^^^ 

\ 2mi 2m2 J \ mi m2 J 

It follows immediately from ()2.17p that the operators 

7 log(0i) Qi 7 log(e2) ^2 log(ei) log(e2) <52 

-p — and — 

2mi 2m2 mi m2 

are classical. Hence, so is W. Thus the non-commutative residue in the right hand side of ([37 
is well defined. 

Note that if ^ E CL"(M, is a classical pseudo-differential operator, then 7 = and ([3 
reduces to 

log(0i) Ql log(02) Q2 



Tr%\A - Ti%\A = - Res 



A- 



(3.6) 

mi m2 J 

3.6. The symmetrized trace. Let Q G CL^-^^ (M, £■), where m is a positive integer, and 

suppose that both, 6 and 9 — mvr, are Agmon angles for Q. For A G CL(_i)(M, £■) consider the 
symmetrized Q-trace 

Tr^^f ^ := - TrJ3„, A + tS. , a\ . (3.7) 

(6») 2 V {e-rmr) ) V 7 



Proposition 3.7. Let Qj G CL^j^^(M, £■) (j = 1,2) 6e odd class classical elliptic pseudi 



0- 



differential operators and suppose that Oj and 9j — mjvr are Agmon angles for Qj (j = 1,2). 



Then, for any odd class logarithmic operator A G CL(^^i^(M, E), 
Proof. Set 



^Ql,sym^ = TVg^'^^y"^ A. (3.^ 



7 log(ei) ^ 7 log(e2) 
^^^'^^ '- 2mi + ^' 



By Proposition 13.51 



log(ei) Ql _ log(92) Q2 

mi 7712 



From Lemma[2T3]we conclude that {80^^02, Se^-mi7v,e2-m27T + i^Tr) and (T0^,02> rei-mi7r,02-m27r) 
are odd pairs of operators. Hence, by Lemma 12.51 the pair 

('S'(?i,(?2 ' '^81,82^ 86i—miTT,62—m2Tr ' ^9\—'m\TT,92—m2iT ~l~ ^7^ -^^i— mi7r,(?2— '"21' ) 
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is also odd. Therefore, 

is an odd class classical pseudo-differential operator. Since the Wodzicki residue of an odd class 
operator on an odd dimensional manifold vanishes, cf. \13\ Lemma 7.3], \12\ Remark 4.5], it 
follows that 

Res ( 30-^^02 ■ '^91,02 —miiT,92~m2n ' ^61— mi7r,62— m2 7r 

(3.10) 

By Proposition [2TT5I Res Tgj_m-^7r,6'2-m27r = 0. Hence follows from (fHH)]) and ([33]) □ 
Proposition 13.71 justifies the following 

Definition 3.8. Let A € CL(_i)(M, E) be an odd class logarithmic operator on an odd- dimensional 
closed manifold M . The symmetrized trace Tr*^^™ A of A is defined by the formula 

Tr^ym^ := Trgf^^^A, 

where Q G CL™ j^^(M, is any odd class classical elliptic pseudo-differential operator of positive 
order m, which admits an Agmon angle, and 6 E [0, 2tt) is an arbitrary Agmon angle for Q such 
that 9 — rmr is also an Agmon angle for Q. 

The main property of the symmetrized trace is that it is tracial, i.e., vanishes on commutators. 
More precisely, the following theorem holds. 

Theorem 3.9. Suppose M is an odd- dimensional closed manifold and let E be a vector bundle 
over M . Then 

Tr'^y""[^,fi] = (3.11) 
for any operators A,B£ CL(_]^)(M, E'). 

Proof. Let Q € CL™^j(Af, i?) be an odd class classical elliptic pseudo-differential operator of a 
positive order m, and assume that both, 9 and 9 — rmr, are Agmon angles for Q. 

Consider first the case when both, A and B, are classical. Let 9 and 9 — rmr be Agmon angles 
for Q. By Proposition 13. 4^ 



TrQ'^y--[A, B] = - ^ Res ( [ log(,) Q + log(e_„,) Q, ^] ) • (3.12) 

By Corollary EIS log(e) Q + log(^e-mn) Q ^ CL(_i)(M, E). Hence, by Lemma ESJii), 

[log(e)Q + log(e_„,)Q, A]i? G CL(_i) (M,i?). 

Since the Wodzicki residue of an odd class operator on an odd dimensional manifold vanishes, 
cf. [la Lemma 7.3], [HI Remark 4.5], equality (|3lT]) for the case A,B G CL^_i){M,E) follows 
from (IXT2|) . 

Assume now that A G CL(:';)"(Af,^), B G CL[_^l-l\M , E) . Then the operators ^-^log(e) Q 
and B — — log/0\ Q are classical. Hence, it follows from the equality 



™li7l, , " ™2i72 

[M , E) , B (z CIj(^_1-^ [ivIjJZj). X neii Liie upeiaioiB log(g) 

= [^-21log(e)Q, B-^log(e)Q] + [ log(,) Q, ^ ^ - ^ 



SYMMETRIZED TRACE AND SYMMETRIZED DETERMINANT 



13 



that 

Tr^y^[A, B] = Tr^y^ [ log,e^ Q,^A-^B]. (3.13) 

If 9' is any Agmon angle for Q, then the operators Q^g/-) and log^-g^ Q commute. Therefore, for 
every s € C\Z, 

TRQl,,^[log^e)Q,^A-^B] = TR [Q^,,) log(,) Q, | A - ^ 5] = 0. 

Hence, 

Trg [ log(,) Q,:^1A-^B] =F. p.s=o TR Qf,,. [ log(,) Q,^A-^B] =0. 
From the definition (j3.7p of the symmetrized trace we now conclude that 

Tr^y-[log(e)Q, :^A-^B] = 0, 
which in view of (j3.13p implies (j3.1ip . □ 



3.10. The Kontsevich-Vishik canonical trace on the algebra of odd class classical 
pseudo-differential operators. For the case when A G CL(_^)(M, E) is an odd class classical 
pseudo-differential operator Kontsevich and Vishik |12J §4] defined a canonical trace Tr(_i) A as 
follows: Consider a classical elliptic positive definite operator Q. Then, cf. [12^ Prop. 4.1], the 
function s ^ TR A Q^^^ is regular at and 

TV(_i)^ := TR^Q^^)|^^„ (3.14) 

is independent of the choice of Q. Note that such a Q must have an even order. If we assume 
that Q is an odd class operator, then by (|3.7p we obtain 

Tr(_i)A := Trg.'J^""^ = TV^y'"^. (3.15) 

Thus, in the case when A is classical, our symmetrized trace coincides with Tr(_i). The 
advantage of formula (j3.15p is that it allows to compute the canonical trace using an operator 
Q which is not positive definite. For example, using the operator Q whose order is odd. This 
will be important for applications to determinants in the next section. 

4. The symmetrized determinant 

In this section we define the symmetrized determinant of an odd class elliptic operator on 
an odd-dimensional manifold M. For operators of even order the symmetrized determinant 
coincides with the usual (^-regularized determinant, but for operators of odd order it might be 
quite different. In the next section we show that up to sign the symmetrized determinant is very 
often multiplicative. This result generalizes the theorem of Kontsevich and Vishik |131 Th. 7.1], 
\\.2\ Th. 4.1], that on odd dimensional manifold the (^-regularized determinant is multiplicative 
when restricted to odd class operators, which are close to positive definite ones. 



14 



MAXIM BRAVERMAN 



4.1. Definition of the symmetrized determinant. Recall, cf., for example, ^ §5], that the 
^-regularized determinant of an elliptic classical pseudo-differential operator A G CL(M, E) with 
an Agmon angle can be defined by the formula 

logDet(,)A = TVfe)log(e)^ = ^[^^TR^^,). (4.1) 

Note that ()4.ip defines a particular branch of the logarithm of Det(g) A. 

We now define a symmetrized version of the ^-regularized determinant as follows: 

Definition 4.2. Let M be an odd dimensional closed manifold and let E be a vector bundle 
over M. Suppose A £ CL™-^j(M, i?) is an odd class classical elliptic pseudo- differential operator 
of positive order m and let both, 9 and 6 — mir, be Agmon angles for A. The logarithm of the 
symmetrized determinant Det^^™ A is defined by the formula □ 

log DetJ^;^ A ■.= \ TV^y- ( log(,) A + log(,__) ^l) . (4.2) 
We now give an alternative formula for the symmetrized determinant. 
Proposition 4.3. Under the assumptions of Definition s.^ we have 

logDet^^"^^ := V logDet(e)A + log Det.^.^^) ^ ) . (4.3) 



Proof. Clearly, (j4.3p is equivalent to 



log(e_„^) ^ + Tr(^_^^) log(e) A = Trfg^log^g^A + Tr(^_^^) log(e_„^) A, 
and, hence, to 

TVfg) [log(e)^-log(e_^,)yl] - Trfg„^^) [ log(e) ^ - log(e_^,) ^] = 0. (4.4) 

By (I22DD, 

log(0) A - log(0_„^) A = 2ik7r Id, (4.5) 

if m = 2A; is even, and 

log(^g^A - log(0_^^)^ = 2ifc7r Id + 2i7rUg^T,^g, (4.6) 

if m = 2A; + 1 is odd. In both cases, log^g) A — log(g_„^') ^ is a classical pseudo-differential 
operator. Hence, it follows from (j3.6p that the left hand side of (|4.4p is equal to 



— Res 

m 



log(e)^-log(0_™^) A)^ . (4.7) 



Since the Wodzicki residue of a pseudo-differential projection vanishes, cf. [22| §6], [23], we have 

Res Id = Res ng_^ g = 0. 
From ()4.5p and (j4.6p we conclude now that (j4.7p is equal to and, hence, ()4.4p holds. □ 
Proposition 4.4. If m = 2k is even then Det^^™^ = Det(5i) A. 



^By Corollary [SHU logj^j A + log 

(e-rmv) ^ is odd class logarithmic pseudo-differential operator. Hence, the 
symmetrized trace in the right hand side of (|4.3p is well defined. 
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Proof. As m is even, 

yis —imirs as 

^(6»-m7r) — e ^(0)- 

Hence, form (j4.ip we obtain 

logDet(0_„^) A = logDet(g)^ - irmr TR Afg^\ 

Since the (^-function of an odd class elliptic operator of even order on odd dimensional manifold 
vanishes at 0, cf. [2D], [SU §11.13], [3 Th. 1.1], we conclude that logDet(g_^^) A = logDet(g) A. 
The proposition follows now from (j4.3p . □ 

Proposition 4.5. If m = 2k + 1 is odd then 

Detg-(A2^ = (Det;^-^)^ (4.8) 

Proof. Let n_|_ and n_ denote the spectral projections of A corresponding to the solid angles 
^{e~n,e) s-iid A(5i_27r,6»— tt) respectively. Then 11+ + n_ = Id. Clearly, 

TR(^2)./2^ = TR[n+^^,)] + TR [n_(-^)^,)]; 
TRA^,) = TR[n+yl^,)] + e^^ TR [n_ (-A)^,) ] 

= TR(^%/J + (e---l)TR [U.{-A)l,^]; 

and 

TRA^e-n^.) = e--(™+i)^TR[n+A^,)] + e--™^TR [n_(-^)^,)] 

= e-^'^('"+i)^ TR(A2)^/|^ + (e-i™^ _ e-^^(™+i)^) TR [n_(-A)^g)]. 

Since the Wodzicki residue of a pseudo-differential projection vanishes, cf. [22l §6], [23], the 
functions TR [11+^^^^] and TR [n_ (— ] are regular at 0. Hence, 



i\s=o TR ^(.) = ^L=o TR(^^)(4') - TR [n_ {-A)l,^]l^^. (4.9) 



Similarly, 



;^U=o TR ^(e-mTT) - ^L=o TR(^^)(2e) 

- i{m + l)nTRiA^)lil\^^^ + ivr TR [U^{-A)yl^^. (4.10) 

Since the (^-function of an odd class elliptic operator of even order on odd dimensional manifold 
vanishes at 0, cf. [20], [lH §n.l3], [3 Th. 1.1], we conclude from (lilOD that 

^L=o TR Al,_^.) = ^L=o TR(^')(£) + TR [n_ {-A)l,^]l^^. (4.11) 
From (gSD, (|ilT]) and (gSI) we obtain (gSD. □ 
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4.6. Dependence on the angle. For the usual C-regularized determinant Detj-g) A, we have 
Det(5i) A = Det(5i/) A if there are only finitely many eigenvalues of A in the solid angle 

A(e,e') := {pe^" : P>O,0<a<d'}. 

If the order m of ^ is even, then in view of Proposition 14.41 the same is true for the symmetrized 
determinant Det^g™ A. However, if m is odd, then the above condition does not imply that 
since it might happen that there are infinitely many eigenvalues of A in 
the solid angle ^(e—K,e'—K)- Moreover, because of the factor 1/2 in the definition ()4.2p even if 
there are only finitely many eigenvalues of A in the solid angles ^{0^0') and A(g_^ 5i/_^), we only 
have 

Bee^J^^A = iDetJ^,';'^. (4.12) 

If the are infinitely many eigenvalues in A^g g^) , then ()4.12p does not hold in general. However, the 
dependence of Det(g) ^ on in this case is weaker than the dependence of the usual ^-regularized 
determinant. In particular, the following proposition holds. 

Proposition 4.7. Let M be an odd- dimensional closed manifold and let E be a vector bundle 
over M. Suppose A G CL^-^j(M, i?) is an elliptic pseudo-differential operator of odd positive 
order m = 21 — 1 and that 6i and Oi — n {i = 1,2) are Agmon angles for A. Suppose that 
< 02 — Oi < IT and that all but finitely many eigenvalues of A lie in Ki^q^^q^-^ U ^[0^^--k fi-i-ir) ■ 
Then 

DetJ^I^A = ±Detg;^^. (4.13) 

Proof. Since m is odd it follows from our assumptions that Oi — rmr and 62 — rrnr are Agmon 
angles for A. Let and Il-0i-rrnr,02~mn be as in Subsection 12.101 Then 

^{ei) ~ "^{02) = (1 ~ e^''*'') Hej^gj yl^g^^; 

Since the Wodzicki residue of a pseudo-differential projection vanishes, cf. [22l §6], [23], the 
functions 

s ^ TR [U0^^e^ Afg^^] and s ^ TR [ n0j_m^,e2_^^ ] 
are regular at s = 0. Hence, from (j4.ip . ()4.2p . and (j4.14p . we obtain 



(4.14) 



logDetJ^J^^ - logDet'^™^ = - vri TR 



s=0 



(4.15) 



Let n denote the spectral projection of the operator A^ corresponding to the eigenvalues of 
which lie in the solid angle A26ii,2e2- Then 

n = '^01,02 + ^0i-rmT,02-m7T (4.16) 

and 

TR [n^i^ea + e"""*^ TR [nei_m7r,e2-m7r^(0i_m7r)] = ^R [ H (^^)(20i) ] • 
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Hence, at s = we obtain 



TR 



nei,e2^(ei) +nei-m7r,02-m7r>l(0i_m^) - TR [n(A2)^^g^J (4.17) 



From (j4.16p and the assumptions of the proposition we conclude that /— 11 is a finite dimensional 
projection. Hence, 

TR[(^%/J)]l.=o - TR[n(^^)(£,)]L=o e 

Since the ^-function of an odd class elliptic operator of even order on an odd dimensional 
manifold vanishes at 0, cf. [20], [HI §11.13], we have TR [ {A'^)%g J |^^q = 0, and, hence, 



Therefore, from (j4.15p and (|4.17p we obtain 

logDetJ^;^^ - logDetJ^^^J^ G iriZ, (4.18) 

which is equivalent to (j4.13p . □ 

Corollary 4.8. Let A G Ch^^-^{M, E) be an elliptic operator of odd order m = 21 — 1 on an 
odd dimensional manifold M . Assume that the leading symbol of A is self-adjoint with respect 
to the scalar product defined by some Hermitian metric on E. Then up to sign the symmetrized 
determinant T>et^^^ A is independent of the choice of the Agmon angle 9. 

Remark 4.9. Kontsevich and Vishik, [121 §4.1], suggested to define a determinant of a Dirac- 
type operator A as a square root of the determinant of the Laplace- type operator A^. Thus 
their definition had a sign indeterminacy. It follows from the equation (j4.8p that the reduction 
modulo signs of the symmetrized determinant Det^^^^ A coincides in the case of Dirac-type 
operators with the Kontsevich- Vishik determinant. Thus in the case of Dirac-type operators 
our symmetrized determinant provides a more direct construction of the Kontsevich- Vishik 
determinant and also fixes the signs in its definition. 

5. The Multiplicative Properties of the Symmetrized Determinant 

In this section we show, that under suitable assumptions the symmetrized determinant is 
multiplicative up to sign. Let be a principal angle for an elliptic operator A G CL™^j(M, i?). 
We say that an Agmon angle 9' > 9 is sufficiently close to 9 if there are no eigenvalues of A 
in the solid angles J^(e,e'] \e-nnT,e'-rmr]- We shall denote by Det^^-j ^, Det^~™^, log^^-j A, 
etc. the corresponding numbers defined using any Agmon angle 9' > 9 sufficiently closed to 9. 
Clearly, those numbers are independent of the choice of such 9'. 

Theorem 5.1. Let M be an odd dimensional manifold and let E be a vector bundle over M . 
Suppose A G CL™"|-j (M, E) and B G CL™^^ (M, E) are odd class classical invertible pseudo- 
differential operators of positive integer orders. Let 9a and 9b be principal angles for A and 
B respectively. Assume further that there exists a continuous functions q : [0, 1] ^ M such 
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that a(0) = 6b and for each t G [0, 1] the angle a{t) is principal for the operator ^B. Set 
9b = O!{0), 9ab = <^{1). Then 

Det^i™ AB = ± Bef/J^^ A ■ Det^i^, B. (5.1) 
The proof is given in Subsection 15.41 

The assumptions of Theorem 1 5 . 1 1 are rather restrictive. There are, however, several important 
situations, where these conditions are automatically satisfied. We now mention some of these 
situations. 

Corollary 5.2. Assume that the leading symbols of A and B are self-adjoint and that the leading 
symbol of A is positive definite. Then (15. ip holds with Oab = SB- 
Proof. Without loss of generality we can assume that Ob vrZ. The leading symbol of the 

operator A*~ B is conjugate to the self-adjoint symbol 

\pa) 

(ytm.n{0 BAf ). 

Thus 6b is a principal angle for A^^^^^^B. Hence, we can apply Theorem 15.11 with a{t) = 6b. D 

Corollary 5.3. Assume that the leading symbols of A and B commute with each other and that 
the leading symbol of A is self-adjoint. Let 6 a, Ob £ (0, 27r) be principal angles for A and B, 
respectively. Then equality (15. 1|) holds with Oab = 6a + £6b, where £ = 1 if < Oa < and 
e = -I if TT <6a< 27r. 

Proof. Since the leading symbol (Tm^(^) of A is self-adjoint, all its eigenvalues lie on the real 
axis. Hence, all the eigenvalues of 



0-* 



lie on the rays Rq = {r : r > 0} and Rte-w = {fc ^^'^ : r > 0}. Thus, since the leading symbols 
of A and B commute the eigenvalues of the leading symbol 

have the form rA, rAe~*^*, where A is an eigenvalue of Ums^B) and r > 0. Therefore we can 
apply Theorem 15.11 with a{t) = 6b + ted a- □ 

5.4. Proof of Theorem 15.11 Without loss of generality we can assume that Oa and 6a — tuat^ 
are Agmon angles for A, and Ob and 6b — m^vr are Agmon angles for B. 
The leading symbol of the operator A^^^^^B is given by 

(^tmA+iTT-B 

{A)ix,^))lg^ya^^iB)ix,0- 

Hence, from (j2.15p we obtain 

atmA+mB{Ale,)B)ix,-0 = (-I)'"- e^-^*-a,^,+^,(4^_„^^)i?)(x,e) 
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Therefore, if a{t) is a principal angle for A^^g^-^B then 

f3{t) := a{t) — i {rrij^t + uib) 

is a principal angle for sB. 

Using the formula for multiplicative anomaly of the C-regularized determinant, [121 Prop. 2.1] 
[T71 Th. 1], we conclude that 

logDet^"^,^^ - logDet%"\^ - logDet^"^,^ 



4 



/ Res {U{tf + V{tf)dt, mod vrZ, (5.2) 
Jo 



where 



and 



Uit) = - i^^, (5.3) 

mAt + niB ruA 

y^^^ ^ ^°^im) ^\eA~mA^)^ _ log(eA-mA^) ^ ^^^^ 
m^t + mfi mA 

Lemma 5.5. For each t E [0, 1], {U{t), V{t)) is an odd pair of operators in the sense of Subs ec- 
tion\2m 



Proof. Fix t G [0, 1] and set m = truA + tub- From (j2.15p we easily obtain 

am-j{A%^)B)ix,-0 = i-iye^'"^-a^^,{A\,^_„^^^^B){x,0. (5.5) 

Set 

R{X) := {A\,^^B-X)-\ R{X) := ( ^^.^^^^i? - A ) 
Let r(x,^; A) ~ Y^JLor-m-j{x,(,; X) and f{x,^; A) ~ Y^JLof'-m-j{x,(,;X) be the symbols of R{X) 
and R{X) respectively. Here the asymptotic expansions are understood in the same sense as in 

dZS]). 

From ()5.5p and the standard formulae for the parametrix, cf., for example, [12^ §2], we get 
r_„_,(x,-e;e*™"A) = (-l)^'e^"'^f.^_,-(x,e;A). (5.6) 
Hence, a verbatim repetition of the computation in the proof of Lemma 12.71 yields 

asm-Ai^\eA)B)iait)))i^,-0 = (-l)^'e--'^a,„_,((4^_„^,)i?))J~(^)^)(x,6. (5.7) 
Since (A;,^)B)^5(^))|^^q = (^Je^_„^^)i?))J^(,))L=o = we obtain 

dsasn,-j{iA\,^)B)l~^,^^)ix,0\,^o = '^^■.old. (5.8) 
Combining (j5.7p with (jS.Sp we get 

= imvr^.-o + dsasrn-A{A\s,_^^^^B)r^j^^^^^){x,m)\s=o- (5-9) 
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Hence, using p.lSp we conclude that 

( log(5{t)) ^k)^' ^°^m)) ^IdA-mA-)^ + i mvrld ) 

is an odd pair of operators. The statement of the lemma follows now from Lemma |2 . 1 31 and the 
definitions of the operators U{t), V{t). □ 

Combining Lemma 12.51 and Lemma 15.51 we conclude that {U{tf,V{tf) is an odd pair of 
operators. Hence, the operator U{t)'^ + V{tY is of odd class. Since the Wodzicki residue of 
an odd class operator on an odd dimensional manifold vanishes, cf. \12>\ Lemma 7.3], \\2\ 
Remark 4.5], we obtain Res ( U{tf + V{tf ) = 0. Therefore, ([5T]) follows from ([52]) • □ 



6. Operators whose Spectrum is Symmetric about the Real Axis 

In this section we prove that the symmetrized determinant of an operator whose spectrum is 
symmetric about the real axis is real and we compute its sign. Note that the spectrum of every 
differential operator with real coefficients is symmetric about the real axis. Other interesting 
examples of operators with symmetric spectrum are discussed in [ll[2l[I]. 

Definition 6.1. The spectrum of A is symmetric with respect to the real axis if the following 
condition holds: if A is an eigenvalue of A, then A also is an eigenvalue of A and has the same 
algebraic multiplicity as A. 

We denote by P+ and P_ the spectral projection of A corresponding to the positive and 
negative parts of the imaginary axis respectively. Assume that the leading symbol of A is self- 
adjoint with respect to some Hermitian metric on E. Then the projections P± have finite rank. 
Set m± = rankP±. Then m_|_ (respectively m_) is equal to the number of the eigenvalues of A 
(counted with their algebraic multiplicities) on the positive (respectively negative) part of the 
imaginary axis. If the spectrum of A is symmetric about the real axis then rrij^ = m.-. 

Theorem 6.2. Let A € Ch'^-^^^{M, E) be a classical elliptic pseudo- differential operator of 
positive odd order m = 21 — 1, whose spectrum is symmetric about the real axis and whose 
leading symbol is self-adjoint with respect to some Hermitian metric on E. Choose 6 G (7r/2,7r) 
such that both, 6 and 6 — rmr, are Agmon angles for A and there are no eigenvalues of A in the 
solid angles A(^/2,0] '^^^ ^(-7r/2,e-7r] • Then the symmetrized determinant Det^g™ A is real and 
its sign is equal to ( — 1)"^+, i.e. 

Bee^J^^A = (-1)"^+ I DetJ^;"A|. (6.1) 

Proof. Let n+ and H_ denote the spectral projections of A corresponding to the solid angles 
-^(-7r/2,7r/2) ^ud -^^(7r/2,37r/2) respectively. Let P+ and P_ denote the spectral projections of A 
corresponding to the rays and i?_^/2 respectively (here we use the notation introduced in 
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Subsection I2.6p . Set II-i- = II-i- + P±. Since A is injective Id = 11+ + n_. Clearly, 

TR [U+Af,^] + e--TR[fl_(-A)^,)]; 

TR [n+^(e)] + e"™"" TR [n_(-A)^e)]; 



TRA 



TR{A 



2-.S/2 



TR [n+^^,J + TR [n_(-A) 



(6.2) 
(6.3) 
(6.4) 



Hence, 



TR^^,) + TRA^,__) 



(1 + e-^(™+i)^«) TR [n+ AIq. ] + {e-'^' + g"^'"'^^) TR [n_ {-A) 



(6.5) 



Since the functions TR [n+ A^^^ ] and TR [n_ (— A)^^^ ] are regular at s = we conclude from 



631) that 



d 
ds 



s=0 



ds 



s=0 



TRA 



(e-rmr) 



d_ 

ds 



TR [n+^^,J + 2 



s=0 

;(m + l)7r TR A[g^' 
d 



ds 



s=0 



TR [n_ {-A) 



Itt + imir) TR [n_ (-A) 



s=0 



TR [n+^^,J + 2 



s=0 



TR [n_ {-A) 



I [m 



+ l)7r TR [n+AfgJ + TR [n_(-A) 



s 



s=0 



(6.6) 



Using (j6.4p and the fact that the ^-function of an odd class elliptic operator of even order on 
odd dimensional manifold vanishes at 0, cf. [20], [211 §11.13], [Tj Th. 1.1], we conclude that 



TR [n+^^g)] + TR [n_ i-A) 

Also by formula (A. 2) of [6j that the imaginary part of 



0. 



d 
ds 



d 



s=0 



TR[n+A^,)] + ^ TR [n_ (-A) 



is equal to — m+vr. Hence, we conclude from ()6.6p that the imaginary part of 



logDetJ^)"^^ 



1 r d 



ds 



s=0 



TRAf,^ + i- 



ds 



TRA 



(B—mir) 



is equal to —m^ir. 



□ 
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